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THE INVERSE TRIGONOMETRIC FUNCTIONS
Consider the trigonometric functions and their inverse relationships below:
y = sin(x) and x = sin(y)




y = cos(x) and x = cos(y)



y = tan(x) and x = tan(y)




The inverse relation can be inverse functions if the domain is restricted,
It is conventional to define the inverse functions as follows:



Domain  and range [-1, 1]                                  Domain [-1, 1] and range 



Domain  and range [-1, 1]                                        Domain [-1, 1] and range 

		
 


Domain  and range (-∞, ∞)                        Domain (-∞, ∞) and range 
 Summary
	Function
	Domain
	Range

	y = sin-1(x) = arc sin(x)
	 [-1, 1]
	


	y = cos-1(x) = arc cos(x)
	[-1, 1]
	


	y = tan-1(x) = arc tan(x)
	(-∞, ∞)
	



How to differentiate the inverse trig functions:

Given y = sin-1(x) then x = sin (y).     = ?






	Alternatively, we can consider the triangle where   sin (y) = x


                                           





The third side is  

so if  .





Likewise given y = cos-1(x) then x = cos (y).   ?


x = cos (y) 

OR using the triangle


                                           





If  
____________________________________________________________________________

Given y = tan-1(x) then x = tan (y).   ?



OR


                                           





If  





	
	
	



SUMMARY
	Function
	Derivative

	y = sin-1(x)
	


	y = cos-1(x)
	


	y = tan-1(x)
	




Also
	Function
	Derivative

	y = sin-1f(x)
	


	y = cos-1f(x)
	


	y = tan-1f(x)
	





Examples
Find the derivative of each of the following:
(a)	y = tan-1(x)

	
(b)	y = tan-1(5x)

	
(c)	y = tan-1(4+x)


	   OR       
(d)	y = arcsin(x2 – 3)

	

In general

If y = arc sin(xn) then 

Also
	Function
	Derivative

	y = sin-1f(x)
	


	y = cos-1f(x)
	


	y = tan-1f(x)
	




More examples:
(e)	y = cos-1(3x-2)

	

(f)	y = tan-1()

	
(g)	y = sin-1(4x2)				

	


(h)	y = x2cos-1(x)          Using the product rule:

	
(i)	If f(x) = sin-1x + cos-1x, show that f’(x) = 0

	
		
Mental work: State the derivatives of




 		    		
  


THE INTEGRATION OF TRIGONOMETRIC FUNCTIONS.
Given
	Function
	Derivative

	y = sin-1(x)
	


	y = cos-1(x)
	


	y = tan-1(x)
	












It follows that
	


	


	



and 
likewise

Examples

(a)	       Experiment with the substitution u = 2x

(b)	

(c)	

(d)	

(e)	

(f)	

(g)	

(h)	

(i)	

(j)		

(k)		

(l)		

(m)		

(n)		
Sometimes the transformation required before we integrate is a little more complicated.
For example



The rule illustrated here is     


Prove this rule:


Examples








1.	Show that

	(a)	 

	(b)	 

	(c)	 


2.	Use the substitution  to show .
3.	Show that

	(a)	 

	(b)	 

[bookmark: _GoBack]	(c)		







	
	






image3.wmf
x

-

2

p

-



3

p





2



-

p

-



p





2





p





2



p



3

p





2



2

p

y

-

2

p

-



3

p





2



-

p

-



p





2





p





2



p



3

p





2



2

p

y = cos(x)

x = cos(y)


image40.wmf
(

)

1

2

2

2

Putu4x

ytanu

dydydu

dxdudx

dy1

1

dx

1u

dy1

1

dx

14x

dy1

dx

178xx

-

=+

=

=´

=´

+

=´

++

=

++


oleObject56.bin

image41.wmf
(

)

22

24

dy1

2x

dx

1x3

dy2x

dx

6x8x

=´

--

=

--


oleObject57.bin

image42.wmf
(

)

n1

n2

dy1

nx

dx

1x

-

=´

-


oleObject58.bin

oleObject59.bin

oleObject60.bin

oleObject61.bin

image43.wmf
2

2

dy3

dx

1(3x2)

dy3

dx

9x12x3

=-

--

=-

-+-


oleObject3.bin

oleObject62.bin

image44.wmf
x


oleObject63.bin

image45.wmf
(

)

(

)

1

2

2

1

x

dy

2

dx

1x

dy11

dx1x

2x

dy1

dx

2x1x

-

=

+

=´

+

=

+


oleObject64.bin

image46.wmf
(

)

(

)

22

22

dy1

8x

dx

14x

dy8x

dx

14x

=´

-

=

-


oleObject65.bin

image47.wmf
(

)

(

)

(

)

(

)

12

2

2

1

2

dy1

2xcosxx

dx

1x

dyx

2xcosx

dx

1x

-

-

æö

ç÷

=+-

ç÷

-

èø

=-

-


oleObject66.bin

image48.wmf
22

11

f'(x)

1x1x

f'(x)0

æö

=+-

ç÷

--

èø

=


image4.wmf
1

xcos(y)(x)oryarccos(x)

canalso be written

 y =cos

-

==


oleObject67.bin

image49.wmf

oleObject68.bin

image50.wmf
1

1

1

1

12

17

14

13

1

1

ysin(6x)

ysin(10x)

ysin(5x)

ysin(bx)

ysin(x)

ysin(x)

ysin(3x)

ysin(10x)

ysin(3x4)

ysin(x2)

-

-

-

-

-

-

-

-

-

-

=

=

=

=

=

=

=

=

=+

=-+


oleObject69.bin

image51.wmf
1

1

1

1

14

13

16

13

1

1

ycos(3x)

ycos(8x)

ycos(2x)

ycos(px)

ycos(x)

ycos(x)

ycos(2x)

ycos(10x)

ycos(2x3)

ycos(52x)

-

-

-

-

-

-

-

-

-

-

=

=

=

=

=

=

=

=

=+

=-


oleObject70.bin

image52.wmf
1

1

1

1

12

17

13

13

1

1

ytan(2x)

ytan(3x)

ytan(6x)

ytan(kx)

ytan(x)

ytan(x)

ytan(3x)

ytan(8x)

ytan(5x2)

ytan(23x)

-

-

-

-

-

-

-

-

-

-

=

=

=

=

=

=

=

=

=+

=-


oleObject71.bin

oleObject72.bin

oleObject4.bin

oleObject73.bin

oleObject74.bin

image53.wmf
(

)

(

)

(

)

(

)

(

)

1

2

f'x

dxsinfxc

1fx

-

=+

-

ò


oleObject75.bin

image54.wmf
(

)

(

)

(

)

(

)

(

)

1

2

f'x

dxcosfxc

1fx

-

-=+

-

ò


oleObject76.bin

image55.wmf
(

)

(

)

(

)

(

)

(

)

1

2

f'x

dxtanfxc

1fx

-

=+

+

ò


oleObject77.bin

oleObject78.bin

oleObject79.bin

image5.wmf
x

-

p

-



p





2





p





2



p

y

-

p

-



p





2





p





2



p

y =tan(x)

x =tan(y)


oleObject80.bin

image56.wmf
(

)

1

2

1

dxsinxc

1x

-

=+

-

ò


oleObject81.bin

image57.wmf
(

)

1

2

1

dxcosxc

1x

-

-=+

-

ò


oleObject82.bin

image58.wmf
1

2

1

dxtan(x)c

1x

-

=+

+

ò


oleObject83.bin

image59.wmf
(

)

(

)

1

2

2

dxsin2xc

12x

-

=+

-

ò


oleObject84.bin

image60.wmf
(

)

(

)

1

2

3

dxcos3xc

13x

-

-

=+

-

ò


oleObject5.bin

oleObject85.bin

image61.wmf
(

)

1

2

4

dxtan4xc

1(4x)

-

=+

+

ò


oleObject86.bin

image62.wmf
(

)

1

2

3

dxsin3xc

19x

-

=+

-

ò


oleObject87.bin

image63.wmf
(

)

1

2

5

dxcos5xc

125x

-

-

=+

-

ò


oleObject88.bin

image64.wmf
(

)

1

22

63

dx2dx2sin3xc

19x19x

-

==+

--

òò


oleObject89.bin

image65.wmf
(

)

1

22

1131

dxdxsin3xc

33

19x19x

-

==+

--

òò


image6.wmf
1

xtany)(x)oryarctan(x)

canalso be written

 y =tan

-

==


oleObject90.bin

image66.wmf
(

)

1

22

3343

dxdxcos4xc

44

116x116x

-

--

==+

--

òò


oleObject91.bin

image67.wmf
(

)

1

22

61

dx6dx6tanxc

1x1x

-

==+

++

òò


oleObject92.bin

image68.wmf
(

)

(

)

1

2

4

dxtan4xc

14x

-

=+

+

ò


oleObject93.bin

image69.wmf
(

)

(

)

1

2

6

dxtan6xc

16x

-

=+

+

ò


oleObject94.bin

image70.wmf
(

)

1

2

3

dxtan3xc

19x

-

=+

+

ò


oleObject6.bin

oleObject95.bin

image71.wmf
(

)

1

2

4

dx4tanxc

1x

-

=+

+

ò


oleObject96.bin

image72.wmf
(

)

1

22

42

dx2dx2tanxc

14x14x

-

==+

++

òò


oleObject97.bin

image73.wmf
(

)

2

222

2

22

1

1

2

1

dx?

4x

1

1111111

2

1

222

1

4x4x

x

2

4x

1

4

44

2

111

dxdx

2

4x

x

1

2

x

sin

1

2

c

1

2

2

1x

dxsinc

2

4x

-

-

=

-

´===

-

æö

-

-

-

ç÷

èø

\=

-

æö

-

ç÷

èø

æö

ç÷

èø

=+

æö

=+

ç÷

èø

-

ò

òò

ò


oleObject98.bin

image74.wmf
1

22

1x

dxsinc

a

ax

-

æö

=+

ç÷

èø

-

ò


oleObject99.bin

image75.wmf
1

222

11x

dxtanc

axaa

-

æö

=+

ç÷

+

èø

ò


image7.wmf
x

-



p





2



-



p





4





p





4





p





2



y

-

1

1

y = sin(x)

x

-



p





2



-



p





4





p





4





p





2



y

-



p





2



-



p





4





p





4





p





2



x = sin(y)   or   y = arcsin(x) 

 


oleObject100.bin

image76.wmf
1

2

2222

2

1

1

1

2

222

2

1

1

11x1

16

(a)dxtancbecausedxdx

x

4x444x

1

16

11

dx

16

x

1

4

x

tan

1

4

c

1

16

4

1x

tanc

44

1

1

11x1

4

(b)dxtancbecausedxdx

x

4x222x

1

4

11

dx

4

x

1

2

ta

1

4

-

-

-

-

´

æö

=+=

ç÷

++

èø

+

=

æö

+

ç÷

èø

æö

ç÷

èø

=+

æö

=+

ç÷

èø

´

æö

=+=

ç÷

++

èø

+

=

æö

+

ç÷

èø

=

òòò

ò

òòò

ò

1

1

x

n

2

c

1

2

1x

tanc

22

-

-

æö

ç÷

èø

+

æö

=+

ç÷

èø


oleObject101.bin

image77.wmf
1

2

222

2

1

1

1

2

222

2

1

1

11x1

9

(c)dxtancbecausedxdx

x

9x333x

1

9

11

dx

9

x

1

3

x

tan

1

3

c

1

9

3

1x

tanc

33

1

1

33x3

25

(d)dxtancbecausedx3dx

x

25x555x

1

25

31

dx

25

x

1

5

t

3

25

-

-

-

-

´

æö

=+=

ç÷

++

èø

+

=

æö

+

ç÷

èø

æö

ç÷

èø

=+

æö

=+

ç÷

èø

´

æö

=+=

ç÷

++

èø

+

=

æö

+

ç÷

èø

=

òòò

ò

òòò

ò

1

1

x

an

5

c

1

5

3x

tanc

55

-

-

æö

ç÷

èø

+

æö

=+

ç÷

èø


oleObject102.bin

image78.wmf
(

)

2

2

2

2

2

2

1

1

33

(e)dxdx

259x

53x

1

1

25

3dx

9x

1

25

31

dx

25

3x

1

5

31

dx

25

x

1

5

3

x

tan

5

3

3

c

3

25

5

13x

tanc

55

-

-

=

+

+

´

=

+

=

æö

+

ç÷

èø

=

æö

ç÷

+

ç÷

èø

æö

ç÷

ç÷

èø

=+

æö

=+

ç÷

èø

òò

ò

ò

ò


oleObject103.bin

image79.wmf
(

)

1

2

4

dx0.5tan0.5xc

164x

-

=+

+

ò


oleObject104.bin

image80.wmf
1

2

552x

dxtanc

94x63

-

æö

=+

ç÷

+

èø

ò


oleObject7.bin

oleObject105.bin

image81.wmf
1

2

773x

dxtanc

259x155

-

-

æö

=-+

ç÷

+

èø

ò


oleObject106.bin

image82.wmf
10

ux

=


oleObject107.bin

image83.wmf
(

)

9

110

20

10x

dxsinxc

1x

-

=+

-

ò


oleObject108.bin

image84.wmf
(

)

5

16

12

3x

dx0.5sinxc

1x

-

=+

-

ò


oleObject109.bin

image85.wmf
(

)

1

2

1

dx0.5sinxc

44x

-

=+

-

ò


image8.wmf
,

22

pp

éù

-

êú

ëû


oleObject110.bin

image86.wmf
1

2

33x

dxsinc

2

49x

-

æö

=+

ç÷

èø

-

ò


oleObject111.bin

oleObject8.bin

oleObject9.bin

image9.wmf
x



p





4





p





2





3

p





4



p

y

-

1

1

y = cos(x)

x

-

1

1

y



p





4





p





2





3

p





4



p

x = cos(y)   or   y = arccos(x)


oleObject10.bin

image10.wmf
[

]

0,

p


oleObject11.bin

image11.wmf
[

]

0,

p


oleObject12.bin

image12.wmf
x

-



p





2





p





2



y

-

5

5

y = tan(x)

x

-

5

5

y

-



p





2





p





2



x = tan(y)   or   y = arctan(x)


oleObject13.bin

image13.wmf
,

22

pp

éù

-

êú

ëû


oleObject14.bin

oleObject15.bin

oleObject16.bin

oleObject17.bin

oleObject18.bin

image14.wmf
dy

dx


oleObject19.bin

image15.wmf
(

)

2

2

dxdy1

cos(y)

dydxcos(y)

dy1

dx

1siny

dy1

dx

1x

=Þ=

=

-

=

-


oleObject20.bin

image16.wmf
Þ


oleObject21.bin

oleObject22.bin

image17.wmf
2

1x

-


oleObject23.bin

oleObject24.bin

image18.wmf
x

y

1


oleObject25.bin

image19.wmf
x

y

1


oleObject26.bin

oleObject27.bin

image20.wmf
2

dy1dy1

then

dxcos(y)dx

1x

==

-


oleObject28.bin

image21.wmf
dy

dx

=


oleObject29.bin

image22.wmf
(

)

2

2

dxdy1

sin(y)

dydxsin(y)

dy1

dx

1cosy

dy1

dx

1x

=-Þ=-

=-

-

=-

-


oleObject30.bin

oleObject31.bin

oleObject32.bin

image1.wmf
x

-

2

p

-



3

p





2



-

p

-



p





2





p





2



p



3

p





2



2

p

y

-

2

p

-



3

p





2



-

p

-



p





2





p





2



p



3

p





2



2

p

y = sin(x)

x = sin(y)


oleObject33.bin

oleObject34.bin

image23.wmf
x

y

1


oleObject35.bin

image24.wmf
x

y

1


oleObject36.bin

image25.wmf
2

dy1dy1

then

dxsin(y)dx

1x

=-=-

-


oleObject37.bin

oleObject38.bin

image26.wmf
222

2

22

2

dxdy1

sec(y)butsec(y)tan(y)1

dydx

sec(y)

sec(y)x1

dy1

dx

1x

=Þ==+

\=+

=

+


oleObject1.bin

oleObject39.bin

image27.wmf
2

1x

+


oleObject40.bin

oleObject41.bin

oleObject42.bin

oleObject43.bin

image28.wmf
x

y

1


oleObject44.bin

image29.wmf
x

y

1


oleObject45.bin

image2.wmf
1

xsin(y)(x)oryarcsin(x)

canalso be written

 y = sin

-

==


image30.wmf
22

dy1dy1

then

dxsecxdx1x

==

+


oleObject46.bin

image31.wmf
2

dy1

dx

1x

=

-


oleObject47.bin

image32.wmf
2

dy1

dx

1x

=-

-


oleObject48.bin

image33.wmf
2

dy1

dx

1x

=

+


oleObject49.bin

image34.wmf
(

)

(

)

2

dyf'(x)

dx

1

fx

=

-


oleObject50.bin

oleObject2.bin

image35.wmf
(

)

(

)

2

dyf'(x)

dx

1

fx

=-

-


oleObject51.bin

image36.wmf
(

)

2

dyf'(x)

dx

1f(x)

=

+


oleObject52.bin

image37.wmf
2

dy1

dx

1x

=

+


oleObject53.bin

image38.wmf
(

)

2

2

dy1

5

dx

15x

dy5

dx

125x

=´

+

=

+


oleObject54.bin

image39.wmf
(

)

2

2

dy1

dx

14x

dy1

dx

178xx

=

++

=

++


oleObject55.bin

